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We obtain background independent solutions for an open string ending on D- 
brane, in variable external fields. Explicit solution of the boundary conditions 
is given for background metric and NS-NS two-form gauge field, depending 
on the coordinates of the transverse to the Dp-brane directions. Extension of 
the constraint algebra is proposed and discussed from both Hamiltonian and 
Lagrangian approach viewpoint. 

1 Introduction 

Obtaining exact solutions of the nonlinear probe string equations of motion and 
constraints in variable external fields is by all means an interesting task with 
many possible applications. One such application is connected with the recent 
investigations of the open string - D-brane system in non-constant background 
fields Pj-jHIj in which noncommutative Yang-Mills and noncommutative open 
string theories can arise on the D-brane worldvolume. Of course, in this case, 
one is forced to use different approximations in order to get explicit results. 
That is why, it is interesting to see to what extent our knowledge about the 
existing exact string solutions can help us in considering this dynamical system. 

In this paper, we obtain background independent solutions of the open string 
equations of motion and constraints in non-constant background metric and NS- 
NS two-form gauge field. Explicit solution of the boundary conditions for the 
open string ending on D-brane is given for background metric and NS-NS fields, 
depending on the coordinates of the transverse to the Dp-brane directions. Then 
we check on an example their compatibility with the solutions of the equations of 
motion and constraints. After that, we reinterpret the conditions for existence of 
such solutions as a set of constraints and compute their Poisson bracket algebra. 
The consequences from the Lagrangian approach viewpoint are also given. 



2 The Open String - D-brane System in String 
Theory Background 

The action for an open string ending on a Dp-brane, in the presence of back- 
ground gravitational and NS-NS 2-form field, can be written as 

Si^-^Jd^C [x/^7'""5™X*^a„X^.gMiv(^) (1) 

dra=d/dC\ r = (C°,e') = (T,^), 

m,n = 0,1, M,N ^0,1,...,D~1, 
Ffj,^ ^ d^Au - d^Afj,, ^, J/ = 0, 1, 

where T = {27Ta') ^ is the (fundamental) string tension, 

G (x) = d„,x^' dnX^ gMN{X), Bmn{X) — d„iX dnX B M N {X) 

are the puUbacks of the background metric and antisymmetric NS-NS tensor to 
the string worldsheet, 7 is the determinant of the auxiliary metric 7,nn, 
are the coordinates on the D-brane, and is the U{\) gauge field living on the 
D-brane worldvolume. In static gauge for the D-brane, one identifies with 
the string embedding coordinates X^(^). Then the action J^l acquires the form 

^2 = - \ j [y^7'""5™X^^a„X^5MJv(X) (2) 

where 

B'mn = Bmn - ^m^nF^^. 

Varying Q with respect to X^^ and 7mn, one obtains the equations of 
motion 

-gLK [drr. (7^7™" ^n^"^) + V^7""Tff^9„,X^-^9„X^] (3) 

and the constraints 

^^kl^rnn _ ^^k^ ^In^ d^X^' dr^X'' gMN {X) = 0, (4) 

where 

^MN = g^^^LMN — 7^g^^ {dugNL + dNgML — C^LffA/Af) 



2 



is the symmetric comiection compatible with the metric qmn and 
Hlmn = OlBmn + OmSnl + OnBlaj 

is the Bmn field strength. The field -F^^ does not enter the equations of motion, 
because dF = 0. 

The field B'^jj^ explicitly appears in the expressions for the generalized mo- 
menta 

Pm = (V^5Afiv7°"a„X^ - B'j^i^d^X^) , (5) 

and in the boundary conditions 

[^/^9Mul''''^nX'^ + B'j,,,d^X^] - 0, (6) 
X'^(r,0) =X'^(T,7r) a ^ p + I, D - I. (7) 

Here we have split the coordinates X'^^ into X^^ and X", and have denoted the 
location of the D-brane with g". 

From now on, we will work in the gauge -y™" = constants. We note that 
^mn _ ^mn _ (^jQ,g(^_x, 1) corrcspond to the commonly used conformal gauge. 

2.1 Solutions of the Equations of Motion 

First of all, we will try to find background independent solutions of the equations 
of motion of the type 

X^'^iO = F^'ianC): a„ = constants. 
It turns out that such solutions exist when 7™"aman — 0. This leads to 

x^(o = F^{u^), = (^/^ ± ^) e + e, (8) 

or 

x'^'io = F^iv^), v^ = e+:^ (-/^ ± ^) e, (9) 

where F^^ are arbitrary functions of their arguments. The main consequence 
of the obtained result is that for arbitrary background fields there exist only one 
solution, Fjjy^ or i^*^, but not both at the same time, in contrast with the flat 
space-time case. In other words, we have only chiral background independent 
solutions of the string equations of motion. On the other hand, it must be 
noted that these are not solutions of the constraints I0J. Taking a linear com- 
bination of the two independent constraints, we can arrange one of them to be 
satisfied, but the other one will give restrictions on the metric. However, it can 
be shown that in the zero tension limit, the background independent solutions 
of the string equations of motion are also solutions of the corresponding con- 
straints. Moreover, this result extends to arbitrary tensionless p-branes It 
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corresponds to the limit (—7)"^^^ 0, taken in the expressions for u± and v±. 
Let us also note that in conformal gauge, the obtained string solutions {u±) 
and F^\v±) reduce to the solutions X^^{a ± r) and X^\t ± a) for left- or 
right-movers. 

Our next step is to search for non-chiral solutions of the string equations of 
motion and constraints, i.e. solutions of the type 

) = F^'iw+) + F^'iw^), (10) 

where w± = u± or w± — v±. Putting 1)1011 in the equations of motion (PJ, we 
obtain the conditions for the existence of such solutions: 

{2Tl.mn + Hlmn) -7^-7— = 0- (11) 

For simplicity, we will consider the case when guN and Bmn depend on only 
one coordinate, say r ^, and will give the results in conformal gauge. 

In our first example, we fix all string coordinates X^'^ except X^ and r 
(the remaining coordinates are denoted as X"). Then the conditions ()ll)l and 
constraints Q reduce to the system of equations 

drgm[{d^X°f - [d.Xy] - dr9rr[{dorf - [d^rf] = 0, 
a,Bo„(aoX°air - 9iX°aor) + 9,.9oa(<9oX"aor - aiX"9ir) 
+a.5™Por)2-(air)2] =0, 

drgm{doX°dor - 9iX°9ir) + drgoAid^rf - [dxrf] = 0, 

gm[{doXy + {d^Xy]^ grrWorf 

+ {dirf] + 2.go.(aoX°9or + diX^'dir) = 0, 

5oo5oX"9iX" + grrd^rdir + g^ridoX^^dir + diX^^d^r) = 0. 

Among the nontrivial solutions of the above system, there exist the following 
non-chiral ones: 



90r = 0, (12) 



9oo drgoo \drBo. 
drBoadoX° = drgradir, doX^dor = diX°dir; 



drgra _ t^rffOr ^ _ (^rffOr )^ 

C>r90a C,-500 C'rffOO 

9^500^0^" = -drgordor, doX^dir 



grr — ^2gor — 5oo 
diX°dor; 



drgoo J drgoo' 
(13) 



^In the next subsection, the coordinate r will be associated with the radial coordinate in 
the directions transverse to the Dp-branc, on which the open string ends. 
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drgOQ drgOr drg r 



goo gor grr 

- [drgoo.idoX°dor - diX^d.r) + d^Boa^idoX^dir - diX^dor)] 

- -drgooidoX^'dor ~ d,X'>d,r)/drgor (14) 
= 9.300 [{doX^'f - [diXy] /drgrr 

In our second example, all string coordinates are kept fixed except X", X^ 
and r. Only to have readable final expressions, we restrict the metric to be 
diagonal, and the NS-NS field to be constant. The solutions of the corresponding 
equations following from and Q are 



doX" = 


+fdir, 




+fdor, 


doX^^ 


+hdir, 


diX^ = 


+hdor; 


doX" = 


+fdir, 


diX°^ 


+fdor, 


doX^^ 


—hdir, 


diX^ = 


—hdor; 


doX" = 


-/air. 




-fdor, 


doX^^ 


+hdir, 


diX^ = 


+hdor; 




-fdir, 


d,x° = 


-fdor, 


doX'^ 


—hdir, 


diX^ = 


-hdor. 



where 



Kg^dg) 



a a \ 1/2 

grrOrgil — gilOrgrr \ 



giidrgoo — goodrgii, 

1 /2 

I goodrgrr ~ grrdrgoO \ 

ygiidrgoo - goodrgu 



As a consequence, one receives from here that the following equalities are 
fulfilled 

{do ± = fig, dg){do ± di)r, (do ± di)X^ = h{g, dg){do ± di)r. 

Therefore, we have obtained solutions which allow for all string coordinates to 
be non-chiral. 



2.2 Solving the Boundary Conditions 

To be able to solve explicitly the boundary conditions, we assume that gMN 
and B'j^jpf are constant at cr = 0, tt. This is automatically achieved if guN and 
Bmn depend only on X"-, and the U{\) field strength F^^ is constant. These 
conditions are typically realized in string theory backgrounds, where gMN and 
Bmn does not depend on the coordinates along the source brane, representing 
the exact solution of the effective string equations of motion, i.e. the equations 
of motion in the corresponding supergravity field theory Moreover, Bmn 

■^Here the dilaton <I> does not appear explicitly, because we are working with the string 
frame metric, in which it is included. 

^Thus, we implicitly imply that the Dp-brane, on which the open string ends, is parallel 
to the source (D)p'- brane, and p' > p. 
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often depends only on the radial coordinate r in the transverse to the source 
brane directions. 

To find which non-chiral solutions of the probe string equations of motion 
and constraints give also a nontrivial solution of the boundary conditions lO 
and {Tj), we first write down (|10|l in the form (compare with lO): 



X^'{t, a) = Xf' (t + S+a) + (r + E^tr), 



Ml 



(15) 



vll 



Using that the background independent solutions can be expanded as 



■ M 

lai. cos 



fc/o 



(16) 



ka 



6f sin 



ka 



we represent (|15ll in the form 
X'Hr,cT)=q'- - 

+ ^ k 

where 

Substituting (|16|l into the boundary conditions, we find the following solution 
of ® and 



01 



^^;(r~^a) -(.9-iB')\(<z'')S^ 



COS (fcEff) - (.g-iB')^^(g")sin(fcEcr)j <,(17) 



-6^ sin(fcEcr), 



where 
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Thus we have showed that there exist exact solutions of the equations of 
motion and constraints for the open string - Dp-brane system in non-constant 
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background fields, which are also exact solutions of the corresponding boundary 
conditions. For background metric and NS-NS two-form gauge field depending 
on the coordinates transverse to the Dp-brane, their explicit form is given by 
H17|l . This is achieved due to the existence of the exact string solutions {w±), 
found in the previous subsection, which do not depend on the background fields. 

Let us show on an example, that there exist solutions of the equation of 
motion Hll|l and of the constraints, which are also solutions of the boundary 
conditions of the type ((T7|) . To this end, consider the equations l(T^ . They 
incorporate two types of conditions - on the background fields and on the string 
embedding coordinates. The solution for the background is 

ds^ = g{r) [-a^{dx^Y + dr^] + 250a (r)rfa;° dec" 
+2gra{r)drdx°' + gaf}{r)dx°'dx^ , 

Bo«(r) =6±ag™(r), (18) 

where a, b are arbitrary constants, and the metric coefficients are arbitrary 
functions of r. On H18|l . (|12|l reduces to 

adQX°{T, a) = ±9ir(r, a), adiX°{T, a) = ±9or(r, a). (19) 

Replacing H19|l into (|17f) . one obtains the following open string solution for the 
background fields H18|l 



XO(t, (t) = + 1 ^ cos (fca)a' 



X^{t, cr) = r(r, cr) = g'' ± a ^ — — sin (fccr)a^. 

MO 

Finally, in order to establish the correspondence with the known solution of 
the equations of motion and of the boundary conditions in the case of constant 
background fields 10 , we make the following restrictions: 

1- gMN — gMN{X°-), BmN — BMNiX"") 

gMN = constants, Bmn = constants; 

2. gMN, Bmn - arbitrary -f 

.gAfAT = f^MAT = diag(-, +,..., +), = 0, Bab = 0; 

3. worldsheet gauge: 

7™" — arbitrary constants — > 
7"" = ry™" = diag(-, +) S = 1. 

Under the above conditions, our solution H17|l reduces to the one given in |l(Jj . 
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3 Proposal for a New Approach 



It is clear that a crucial role in treating the open string - D-brane system in 
variable external fields is played by the conditions Hll() . which ensure the exis- 
tence of nontrivial solutions of the type H1U|1 . Actually, Ullf) are the equations of 
motion for such type of string solutions. However, they do not contain second 
derivatives. That is why, we propose to consider them as additional constraints 
in the Hamiltonian description of the considered dynamical system. So, let us 
compute the resulting constraint algebra. 



3.1 Poisson Brackets 

Using the manifest expression Q for the momenta, we obtain the following set 
of constraints {dX = dX/da) 



-T^ (g-B'g-'B'] 



MN 



■g-'Bf\PMdX 



N 



h ^ PnOX'^ - TgMK {g-'B'f ^dX^'dX'' 



PNdX^, 



iL^rLMNg'''''g"''PsPK-T 
+ Hlmk] g^'^PsdX'' 



'2^L,MN ig ^B') K 



N 



(20) 

(21) 
(22) 



L,MN 



Hlms {g-'Bf K]dX^dX^. 



{g'^BY s{g~'Bf K~5f5^K 



+ Blms [g 

These constraints have one and the same structure. Namely, all of them are 
particular cases of the expression 

Ij = K^j'^ig, dg)PsPK + SIk{9, dg, B', dB')PsdX'' 
+RjSK{g, dg, B', dB')dX^dX'', 

where J — {n,L), and the coefficient functions Kj^, and Rjsk depend 
on X'^ and do not depend on P/v. The computation of the Poisson brackets, 
assuming canonical ones for the coordinates and momenta, gives 



{IjA<^i),IjA<^2)} 



M, 



fj,Nj,)K{ai) + M^jNj^)k{<^2) d5{a, - ^2X23) 



+ C'[JiJ2]'5(0-l - (72), 



where (Ji, J2) and [Ji, J2] mean symmetrization and antisymmetrization in the 
indices Ji, J2 respectively. Obviously, the algebra does not close on Ij. On the 
other hand, the right hand side is quadratic with respect to the newly appeared 
structures Mj and Njs- They are given by 



2K^^Pn + S^j^dX 



N 



Njs = S%Pm + 2RjsMdX^\ 



M 
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and satisfy the following Poisson brackets among themselves 



{NJ,S^{^l),NJ,s,{cT2)}^ 



+ Sj^S2^JiSin) (cti) 



+ {^JiSi^J2S2N + Sj^S2^JiSin) {0-2) 



dS{ai - 0-2) + Cj^j^SiS2^{'^i - ^2), 
1 



N 



;^.jiN^j2S2 



(^1) 



2KjI'^Rj^S2N + ■7:Sjlf^Sj^_s2 ) (^^2) 



Si qN 



a,5(ai-a2)+C^;,,c,<5(ai-(72 



Mj and Njs act on Pm and dX^'^ as follows 

{Mf (ai),PM(^2)} = 5|M(^2)5<5(ai - ^2) 

+ [2aMif,f'^PAr + {OmS^jj^ - d^S^.j) dX^] ~ ^2), 

{A^j5((Ti),PM(a2)} = 2RjsM{a2)d5{ai - ^2) 

+ [^M^js-P^ + 2 (5a/Pjsa^ - ajvPjsM) dX^] 5{ai - <J2), 

{M|(ai),9X^^(a2)} = 2K§^'{a2)dS{a, - ^2) 

-29,vi^,f' aX^5(ai-a2), 

{Njs{ai),dX^\a2)} = 5.t5(^2)a<5(ai - ^2) - ^^^^^^^'^^('^i ^ '^2). 
Actually, Ij can be expressed in terms of Mj and Njs as 

Ij = ^ [MfPK + iVjK^X^) . 

Let us now see how from the above open algebra the closed algebra of the 
constraints arises. For the gauge generators In, we have 



M^ ' ^ 2 



M 



NdX'' 



dX 



N 

LV^y )m 
h ■■ Mf = aX*^ NiM = Pm. 

Inserting these expressions in (|23|l one obtains 

{/o(f7i), /o(f72)} = {2Tf [h{ai) + /i(fT2)] d5{ai - 02), 
{/i ((71 ), 11(^2)} - [/i(<Ti) +/i(a2)]a<5(ai -^2), 

{/o(fTl),/l((72)} = \h{ox)+h{G2)\d6{ax-G2). 



(24) 
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The equalities (1^ reproduce the known result stating that the string constraint 
algebra in a gravitational and 2-form gauge field background coincides with the 
one in flat space-time [111 . 

The Poisson bracket between Ii and II closes on 1^ and is given by: 

{/i((Ti),/i((72)} = [Il{<Ji) + IM] dS{ai ~ a^). 

The remaining brackets, {Ioi<^i), lLi<^2)} and (cti), /^^ (0-2)}, are of the gen- 
eral type 



3.2 Lagrangian Picture 

In order to realize from the Lagrangian approach viewpoint what are the conse- 
quences of our idea to include another set of constraints in the string Hamilto- 
nian for a certain type of solutions, now we are going to find the corresponding 
Lagrangian density. To be able to compare the results step by step with the 
usual case and clearly see the differences, we will first going through the proce- 
dure namely in this case. 

We start with a Hamiltonian density, which is a linear combination of the 
constraints Iq and Ii , given by and (PT|l respectively 

n = A"/o + A^/i. 

Then we obtain the corresponding Hamiltonian equations of motion for the 
coordinates 

(do - X'd^)X'' = 2A°g^^^ (Pn - TB'^^d.X^) . 
From here, we express the momenta Pm as functions of d„iX^ 

Pm = f^(5o - A^a^X^ + TBitj^diX^. (25) 

By using l|25(l . the constraints Iq and Ii can now be rewritten as 

1 



^gMNido ~ X'd,)X^'ido - A^a^X^ (26) 



(2A 

+T^gMNdiX^'diX'', 

h = ^(5o - X'd^)X^'d,X^. (27) 
The computation of the Lagrangian density gives 

C = PnOqX^ - X^Io- X^h (28) 
= -^gMNido- X^di)X'''{do- X^di)X^ 

+TB'^j^d^X^'d,X'' - X^'T^guNdiX^'d^X''. 
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The equations of motion for A™, obtained from H28|l . give the constraints 
and l|?fjl . The Euler-Lagrange equations for X*^, based on if^ . are 

~(2A"T)2 {gLNdfX^ + TlmnOiX^ diX"") (29) 
-2X''THLMNdoX^'diX'' = 0. 

Now we are interested in non-chiral solution of the above equations of motion 
and constraints of the type (|10|l 

X^\C") = Xl\vl) + X^\v^), (30) 

where X^^ are the two background independent solutions of the equations (|29|) , 
and are the variables v± defined in J^, taken in A-parametrization 



Ai ±2A0r' 



For this type of solutions, the equations of motion (|29|l acquire the form 
with w± replaced with v^. With the help of the explicit expressions for the 
momenta (I25f) . one can further transform these equations to obtain the expres- 
sions (|22() for II , which we would like to include as additional constraints in the 
Hamiltonian, describing such type string solutions. 

In order to realize this idea, we now begin with the Hamiltonian density 

n = X°Io + X^h+X^lL. 



The corresponding Hamiltonian equations of motion for the coordinates X 
are 

{do-X'd,)X'' ^ 2X^M~'f {Pj,-TB'^^d,X^) 
— TX^g^^^ HLNxdiX^ , 



M 



where we have introduced the notation 

{M-'f'' ^ .g'^^ + ^5^'^r,,K5/^. (31) 
It follows from here that the momenta Pm, as functions of dmX^ , are given by 



Pm = ^^{d^ - X'di)X^ + TAmnOiX^, (32) 



where 

Amn = Smat + ^ {Mg-'),^ ""Hlkn. (33) 

Comparing H32|l with the previous expressions for the momenta 125(1 . we see 
that they both have the same form, but in (|32|) new, effective background fields 
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Mmn and Amn have appeared. In view of (|?T]) and they have the form 
of a specific deformation of the initial background. 

By using H32|l . the constraints /q, /i and II can be rewritten as 

lo = [Mg-'M)^,^ {do - X'd^)X''{do - A^a^X^ (34) 



{ [5 + - B')] g-' [g-iA- BODma, ^iX^^^iX^, 

/i = :^(ao~Aiai)x*^aiX^, (35) 

= (Mg-'TLg-'M),.^^ (do - \'di)X^'{do - \'di)X^ (36) 



T 
AO 



VLg-\A-B')-\HL 



doX^'diX"" 

MN 



{(^ - B')g-' [rLg-\A - B') - Hi] + r^}^^^ 



where 



{Xl)mn = ^L,MN and {Hl)mn = Hlmn- 
The computation of the corresponding Lagrangian density gives 

j^new ^ Pj^doX^ - A"/o - A^/i - A-^/l (37) 

= ^A^MA'(ao-Aiai)x*^(ao-Ai9i)x^ 

+TylMJvao^''''aiX^ - X^T^AmnOiX^'OiX^, 

where 

Am^ ^ {2g - [g + {A- B')]M-' [g-iA- S')]}m^ • 

Comparing (|37|l with (|28|l . we see that both £ and are of the same 

form, but in H37|) we have new, effective antisymmetric background field Amn, 
and two new, effective background "metrics" - A4mn and Amn- 

The equations of motion for the Lagrange multipliers A™ , A'^ , obtained from 
H37|l , give the constraints H34|) , (|35|l and H36|) . The Euler-Lagrange equations for 
X^''^ , following from H37|l . are 

MLN{do-X'di){do-X^di)X^ (38) 
+r^Miv(5o - X'di)X''{do - X'di)X^ 
-(2A°r)2 [Air^dlX^ + ^l,,^^^x''^,x^) 
-2X"TH^MNdoX^'diX^ = 0, 

where the notations used are given by the equalities 

r^MN = \ [QmMnl + OnMml - OlMmn) , 
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^LMN — ^lAmn + QmAnL + dNAL 



M- 



As far as we are interested in non-chiral solutions of the above equations of 
motion (see (jSOJ), we insert H30(l in 1,'-{8|I and obtain 



{M 



LN ■ 



A 



LN) 



(Ai - 2A"r) 



(Ai + 2A°T)' 



(39) 



\^ L,MN ^ 



+ (A^ + 2A°T) 



L.MN 

2 dX^l' dX^^ 



(Ai-2A°r)'^^ 
^ ' dvi dwi 



dv^ dv^ 



-2 (Ai - 2A«T) (A^ + 2A0t) (r^,,^ + r^,,^ + 



MN I 



dXf dX^ 
dv^ dv^ 



0. 



Comparing with H39|l . we see that the latter acquires the form of the former 
only when the two "metrics", Mmn and Amn, coincide. 

Since part of the Hamiltonian constraints are actually our original Euler- 
Lagrange equations for X^ on the specified class of solutions, we must give 
new interpretation of the equations Ip^ , different from viewing them as equa- 
tions of motion. An important observation in this direction is that the equations 
H39I) contain second derivatives of the original background fields. Therefore, they 
can be connected to the second variation of the (original) action (|2J) and con- 
sequently, to the sufficient conditions for existence of a " local" minimum of the 
action on the extremal surfaces. This problem deserves separate consideration 
and will be studied elsewhere. 



4 Concluding Remarks 

In this paper we considered the case of an open string ending on D-brane in vari- 
able external fields gMN{x) and Bmn{x), in the framework of the sigma-model 
approach. In Sec. 2 we formulated the problem and obtained exact solutions of 
the string equations of motion, constraints and boundary conditions of a par- 
ticular type. In the constant background fields limit, our solutions reduce to a 
generalization of the result already known |1(J| . 

In Sec. 3, we investigate some of the consequences of the idea that the con- 
ditions for existence of non-chiral solutions of the string equations of motion 
in variable gravitational and NS-NS fields, can be reinterpreted as additional 
constraints. In particular, we compute the corresponding Poisson bracket al- 
gebra, which in the most general case does not close on the initial constraints, 
but is quadratic with respect to two newly appeared structures. The classical 
Virasoro algebra does not changes and appears here as a subalgebra. In the last 
part of Sec. 3, we analyze the changes due to the inclusion of the new constraints 
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from the Lagrangian approach point of view. It turns out that this results in a 
specific deformation of the initial background. 
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